We examine the possibility of using single-Higgs production at an e + e − collider with polarized beams to measure, or constrain, indirectly a possible anomalous triple-Higgs coupling, which can contribute to the process via one-loop diagrams. In the dominant process e + e − → ZH, longitudinally polarized beams can lead to an improvement in the cross section by 50% for e − and e + polarizations of −0.8 and +0.3, respectively. This corresponds to an improvement in the sensitivity to the triple-Higgs coupling of about 18% for a centre-of-mass energy of 250 GeV and an integrated luminosity of 2 ab −1 , making a strong case of beam polarization. This also implies that with polarized beams, the luminosity needed to get a particular sensitivity is less by about 33% as compared to that needed with unpolarized beams. Even when only the e − beam is polarized −0.8, the improvement in the sensitivity is about 8%. We also study the effect of longitudinal beam polarization on the sensitivity to the triple-Higgs coupling of Higgs production through the subdominant process e + e − → Hνν occurring through W W fusion.
Introduction
Measurements at the Large Hadron Collider (LHC) since the discovery of the Higgs boson have been steadily enhancing the accuracy in the measurement of its couplings to various standard model (SM) particles and the results show good conformity with theoretical predictions within the SM. An exception to this trend of high accuracy measurements is the scalar self-couplings,
which as yet have not been determined with very good precision. The scalar self-couplings correspond to λ 3 and λ 4 in the following terms in the scalar Lagrangian
In the SM, these couplings are related to the physical Higgs mass m H and the scalar vacuum expectation value v by
It will be the task of future experiments at the LHC as well as at the proposed lepton colliders to determine λ 3 and λ 4 with greater precision and check the SM relations of eq. (3). It is of course possible that underlying theory is not the SM, but an extension of the SM. In that case, the above couplings would be the couplings in an effective theory, and they may not obey the relations (3) . The deviations of these couplings from their SM values has been discussed in the context of the standard model effective field theory (EFT), where effective interactions induced by new physics are written in terms of higher-dimensional operators, suppressed by a high-energy scale, the effective theory presumed to be valid at energies much lower than this scale. Thus, for example, L 3H would get a contribution from a dimension-six operator, −λ(H † H) 3 , see for example, [1] . A determination of the triple-Higgs coupling λ 3 can be carried out through a process where two or more Higgs bosons are produced. First of all, such a process needs a high centre-of-mass (c.m.) energy for the interacting particles, partons in the case of hadron colliders, or leptons in the case of lepton colliders. Moreover, it has been found that in the SM [2] , there is destructive interference between the one-loop diagrams contributing to the process gg → HH, making the total cross section extremely small. Thus, the accuracy of the determination of λ 3 is low. In fact, it is expected that at the high luminosity run of the LHC (HL-LHC), with a c.m. energy of 14 TeV and an integrated luminosity of 3 ab −1 , with sophisticated jet substructure techniques, a limit of λ 3 < 1.2λ regions to improve the accuracy of measurement at the LHC. λ would be determined with an accuracy of 83% at the proposed International Linear Collider (ILC) at c.m. energy of 500 GeV, improving to 21% and 13% with luminosity and energy upgrades [8] [9] [10] . Current constraints from the analysis of the √ s = 8 TeV (Run I) and the √ s = 13 TeV (Run II) data from the LHC are weak. Direct searches constrain λ 3 to −14.5 ≤ λ 3 /λ SM 3 ≤ 19.1 [11, 12] from Run I data and −8.4 ≤ λ 3 /λ SM 3 ≤ 13.4 [13, 14] from Run II data. A suggestion was made by McCullough [15] that the triple-Higgs coupling could be measured through its contribution in one-loop diagrams in singleHiggs production. The process considered in [15] was e + e − → ZH, in which, making an assumption that only λ 3 deviates from its SM value,
it would be possible to put a limit on the fractional deviation κ which is of the order of 28% at e + e − c.m. energy of 240 GeV, with an integrated luminosity of 10 ab −1 , expected to be available at TLEP (currently known as FCC-ee) [16] . This estimate is based on the assumption, made for the sake of concreteness, that there are no other contributions to an effective ZZH vertex 3 . Following McCullough's suggestion, there have been proposals to measure κ in various single-Higgs production processes at the LHC [1, 12, 14, 17] and at e + e − colliders [18] [19] [20] . For example, the Run I single-Higgs data at the LHC leads to −13.6 ≤ λ 3 /λ SM 3 ≤ 16.9 [14] . Other indirect constraints include those using electroweak precision measurements, from which a bound of −15.0 < κ < 16.4 was obtained [21, 22] .
It is clear that HL-LHC would eventually be able to determine κ to a good degree of precision. However, it is likely that an e + e − collider would be realized at an earlier time in the future. In this note we therefore pursue further the possibility of measuring κ at future e + e − colliders. There have been various suggestions for the construction of e + e − colliders with c.m. energy ranging from a few hundred GeV to a few TeV. After the discovery of the Higgs boson with mass of about 125 GeV, the dominant suggestion is to construct a linear collider, named the International Linear Collider, which would first operate at a c.m. energy of 250 GeV, enabling precise measurement of Higgs properties, through an abundant production of a ZH final state. There have also been other proposals, as for example, the Compact Linear Collider (CLIC), the Future Circular Collider (FCC-ee) and Circular Electron Positron Collider (CEPC) where electron and positron beams would be collided, providing a clean environment to study couplings of SM particles, and possibly look for new physics, if any. In the context of e + e − colliders, particularly the ILC, the possibility of utilizing beam polarization and its advantages have received much attention. Suitable longitudinal beam polarization could help in improving the sensitivity for many different processes and suppressing unwanted background [23, 24] . The use of polarization in the context of Higgs properties is also discussed in [25, 26] . It is expected that at the ILC, polarizations of 80% and 30% would be possible respectively for electron and positron beams for c.m. energy of 250 GeV [24] . Since in the initial run the ILC would collect 2 ab −1 , rather than 10 ab
being anticipated for the FCC-ee, it seems advisable to look for some means of enhancing the sensitivity of the ILC. We therefore turn to beam polarization for the purpose. We have looked at the possibility that the sensitivity of the single-Higgs production processes to the triple-Higgs coupling can be improved by the use of beam polarization. It is well-known that suitable longitudinal polarization could lead to a larger cross section for ZH production.
Beam polarization unfortunately does not improve the relative contribution of the the triple-Higgs coupling. However, it does improve the sensitivity because of the increase in statistics. A similar improvement is also found for single Higgs production via W W fusion, though the dependence on beam polarization is somewhat different. Thus, to achieve the same sensitivity for κ, a collider with polarized beams would need much less luminosity as compared to one without beam polarization. This makes a strong case for beam polarization at future e + e − colliders. Here we give a quantitative summary of our results. We assume that for a c.m. energy of 250 GeV, an integrated luminosity of 2 ab −1 would be available with polarized beams. The degree of polarization assumed is −0.8 for electrons and +0.3 for positrons. We have assumed that, as estimated in [16] for FCC-ee and in [24] for the ILC, a precision of about 0.9% could be possible in the measurement of the cross section for e + e − → ZH. We then find that the accuracy of determination of the parameter κ that could be obtained from the measurement of the cross section with polarized beams is about 57% as compared to 70% in the absence of polarization, an enhance-ment in sensitivity of about 18%. To put it differently, at a collider like the FCC-ee, if operating at 240 GeV with polarized beams, the same sensitivity as anticipated in ref. [15] 
Formalism
Here we briefly describe the formalism for the determination of λ 3 from singleHiggs production at non-leading order. The calculation of the effect of the triple-Higgs coupling at one-loop level follows the work in refs. [14, 15] .
The Feynman diagrams for the process e + e − → ZH are shown in Figs. 1 and 2. The former shows the tree-level diagram, whereas the latter shows the one-loop diagrams which have contribution from the triple-Higgs coupling.
The Feynman diagrams for the W W -fusion process e The process e + e − → ZH as well as the W W fusion contribution to e + e − → ννH involve a V V * H vertex, where V = Z in the former case, and V = W in the latter. The V V * H vertex can be written as
where k 1 , k 2 are the momenta (assumed directed inwards) of the gauge bosons carrying the respective polarization indices µ, ν. This form assumes that the gauge bosons are either on-shell, satisfying k iµ ǫ µ (k i ) = 0 (i=1,2), or couple to a conserved current, so that the terms with k 1µ or k 2ν can be dropped. Here m V is the mass of the gauge boson, g W is the weak coupling and g Z = g W / cos θ W , θ W being the weak mixing angle. The quantities F 1,2 are functions of bilinear invariants constructed from the momenta.
Isolating the contribution of the triple-Higgs coupling λ 3 , the form factors F 1,2 for the two processes of Z * → ZH and W + * W − * → H can be written at one-loop order in terms of the Passarino-Veltman (PV) functions [27] as follows.
For the process W + * W − * → H, the arguments of the PV functions are
and analogously for the functions B ′ 0 and the tensor coefficients C 1 , C 11 and C 12 . For the process Z * → ZH, the arguments of the PV functions are
and analogously for the functions B ′ 0 and the tensor coefficients C 1 , C 11 and C 12 .
The above expressions are evaluated to first order in the parameter κ for consistency, as there would be higher-loop contributions at order κ 2 which are not being included. We use the package LoopTools [28] to evaluate the PV integrals.
Polarized cross section
The differential cross section for the process e + e − → ZH with longitudinally polarized beams may be written as [29] 
where θ is the angle between Z and e − directions, P L ,P L are the degrees of longitudinal polarizations of e − , e + beams, and A L and B L can be split into their respective tree-level SM contributions A SM L and B SM L and the extra contributions ∆A L and ∆B L coming from the one-loop trilinear Higgs couplings. The expressions for these are as follows.
where
q being the momentum of the Z, g V,A the SM couplings of the Z to e + e − ,
and
The expressions for the contributions from anomalous triple-Higgs couplings are
The partial cross section, with a cut-off θ 0 on forward and backward directions is obtained by integrating θ between limits θ 0 and π − θ 0 . The corresponding expression is
We see from the above equations that the beam polarization dependence of the SM contribution as well of the contribution of the triple-Higgs coupling to the cross section is through the same factor of (1 − P LPL )(g
SM . This is also true for the differential cross section. The differential cross section for the process e + e − → Hνν has two contributions, one from the process e + e − → ZH, with Z decaying into νν, and the other from the W W fusion process e + e − → W +ν W − ν → Hνν. There is also a small interference term between the amplitudes for these two mechanisms, which we neglect. The contribution from ZH production followed by Z → νν is the same as that obtained for ZH production earlier here, multiplied by the branching ratio for Zνν, which is about 20%. The matrix element squared for the W W fusion process summed over final polarizations may be written as
(20)
Numerical Results
For our numerical calculations, we use m W = 80.385 GeV, m Z = 91.1876
, sin 2 θ W = 0.22 and m H = 125 GeV. We assume electron longitudinal polarization of P L = −0.8, and positron longitudinal polarizationP L = +0.3. For our analysis of the sensitivity, we assume a modest integrated luminosity of 2 ab −1 , which for simplicity is taken to be the same for unpolarized beams as well as all polarization combinations. The efficiency of measurement of the final state is taken from earlier works [8, 10, 16 ] to be 0.9% at √ s = 250 GeV, and appropriately scaled for other energies.
Taking up the case of longitudinal polarization for the process e + e − → ZH first, we present in Table 1 our results for the polarization dependence of the cross section σ L , as well as the 1 σ limit that can be obtained on κ from the polarized cross section for various values of c.m. energy. We also present the fractional change δσ L in the cross section to the parameter κ in the form of δσ L /σ L for unit change in κ, following ref. [15] . As mentioned earlier, this quantity does not change with polarization for a given √ s. This observation has also been made in [20] , and follows from the fact mentioned earlier that the polarization dependence of the cross section at tree level and at one-loop in the triple-Higgs couplings is identical, both arising from a single Z at the e + e − vertex [29] . In this case, we assume the cut-off on the production angle of the Z to be zero, since it was found that the sensitivity worsens with increasing cut-off angle. A negative sign in the table signifies that the cross section decreases with increasing κ. Table 1 : The cross section σ L for ZH production, the fractional change in the cross section σ L for unit value of κ and the sensitivity to κ for various c.m. energies √ s and combinations of e − and e + longitudinal polarizations P L andP L , respectively. An integrated luminosity of 2 ab −1 is assumed.
The points worth noting are that there is an improvement of sensitivity in the measurement of κ when both electron and positron beams are polarized. The sensitivity improves even when only the electron beam is polarized. The increase in sensitivity is related to increase in the cross section by the factor
, which for the best case is approximately 0.5.
For the process e + e − → Hνν which includes the Higgsstrahlung process followed by H decay into 3 species of neutrino pairs, as well as the W W fusion process, the two contributions have to be added. There is also a small interference term, which is neglected for present purposes. Moreover, we make a simplifying assumption that the accuracy of measurement is the same as in the case of e + e − → ZH process. Our results are presented in Table 2 . Since for values of √ s less than or reaching 500 GeV the HZ production process dominates, the results are similar to those shown in Table  1 . For higher energies, however, even though the cross section for W W fusion dominates, the sensitivity of this process to κ is somewhat less, since there is a partial cancellation between the two mechanisms, the dependence on κ of the HZ production cross section being negative. Thus, while longitudinal polarization does help, the HZ production channel with Z decay into visible channels is still better for the measurement of κ, as compared to the νν channel. However, it is possible to combine data from these two processes at the ILC to get a sensitivity which is better than individual sensitivities of the two processes.
Conclusions and Discussion
The determination of the Higgs self-coupling is an important issue for the confirmation of the SM or establishing the veracity of a possible extension of the SM. Since the cross section of Higgs pair production, which could measure the triple Higgs coupling directly, is small, an indirect measurement through the process of associated single Higgs production may have an upper hand. Following earlier suggestions for such a measurement in the process e + e − → ZH, where λ 3 could be measured through its one-loop contribution, we have investigated the effect of beam polarization on such a measurement.
Again, it is assumed that the only source of additional contribution is the κ term, and we work in the lowest order in κ. Our calculation shows that the fractional change in the cross section arising from one-loop contribution of the triple-Higgs coupling itself does not depend on polarization. Nevertheless, since the cross section does improve with polarization, we find that reasonable longitudinal beam polarizations of −0.8 and +0.3 as foreseen for the ILC leads to an improvement of about 19% in the sensitivity to κ. Even if only the electron beam is polarized, there is still an improvement in the sensitivity by about 8%.
This also implies that if polarized beams are used, the same sensitivity as obtained with unpolarized beams can be achieved with a 33% lower luminosity of 1.34 ab −1 . We have also calculated the effect of beam polarization for a final state Hνν which gets contribution from ZH production with Z decaying into νν as well as from W W fusion. Here we do find that the fractional change in the cross section with κ depends on the degree of beam polarization. However, for somewhat higher energies, where the total cross section is higher, this change has opposite signs for the ZH and W W fusion contributions. This tends to reduce the sensitivity. We find an improvement of 16% in the sensitivity as compared to the case of unpolarized beams for a c.m. energy of 250 GeV. The data from Hνν and Hµμ final states may be combined to get a much better sensitivity.
We have assumed a modest integrated luminosity of 2 ab −1 , which would hopefully be available for a separate run with polarized beams. When a larger luminosity is available, the limits would of course be better. However, it is hoped that we have made a case for exploring seriously the possibility of implementing longitudinal polarization at future e + e − colliders. While polarization of both electron and positron beams would be extremely useful, even a high electron beam polarization in the absence of positron polarization would serve a useful purpose.
We have assumed for simplicity that a run with polarized beams would collect the full integrated luminosity of 2 ab −1 . In practice, the available collider time would be shared also with unpolarized runs. Also, we have made a simplified assumption regarding the detection efficiencies. A more realistic simulation, including proper isolation cuts and detector efficiencies, would be needed to determine the actual improvement in the sensitivity in a practical situation. However, our results do provide a reasonable first estimate of the advantage of beam polarization.
As mentioned earlier, there may be a tree-level contribution to the process through an anomlaous ZZH coupling, and this will have to be subtracted before extracting the one-loop effect of κ discussed here. One way was discussed in ref. [15] . Another possibility of separating the two contributions would be the use of different correlations in the final state arising from Z decay. Our treatment assumes that the production process proceeds through a virtual Z. There would also be a contribution from a virtual γ state at tree level through an anomalous γZH coupling, or at one-loop level, though not from the triple-Higgs coupling. Though we have not taken into account this possibility, it is possible, as shown in [29] , to use either more than one beam polarization combination or more than one polar-angle cut-off to determine separately the Z * contribution. Ref. [29] also shows how transverse beam polarization, if available, may be used to achieve the same purpose.
